Density functional theory is currently the most widely applied method in electronic structure theory. The Kohn-Sham method, based on a fictitious system of non-interacting particles, is the workhorse of the theory. The particular form of the Kohn-Sham wave function admits only idempotent one-electron density matrices whereas wave functions of correlated electrons in post-HartreeFock methods invariably have fractional occupation numbers. Here we show that by generalizing the orbital concept, and introducing a suitable dot-product as well as a probability density a noninteracting system can be chosen that can represent the one-electron density matrix of any system, even one with fractional occupation numbers. This fictitious system ensures that the exact electron density is accessible within density functional theory. It can also serve as the basis for reduced density matrix functional theory. Moreover, to aid the analysis of the results the orbitals may be assigned energies from a mean-field Hamiltonian. This produces energy levels that are akin to Hartree-Fock orbital energies such that conventional analyses based on Koopmans theorem are available. Finally, this system is convenient in formalisms that depend on creation and annihilation operators as they are trivially applied to single-determinant wave functions.
I. INTRODUCTION
The dominant approach in electronic structure theory is density functional theory (DFT). Its foundations were laid with the Hohenberg-Kohn theorems [1] . The theory was turned into a practical approach by the Kohn-Sham method [2] . A central component of the method is a fictitious system of non-interacting electrons. The wave function that represents this system is supposed to be able to generate the exact electron density. In practice the Kohn-Sham wave function has the same form as the Hartree-Fock wave function. This wave function can only generate idem-potent density matrices whereas all post-Hartree-Fock methods, including Full-CI, generate density matrices with fractional occupation numbers. In this paper we show that is possible to generalize the Kohn-Sham wave function such that it can generate any one-electron density matrix. At the same time this generalized wave function remains representative of a system of non-interacting electrons, i.e. a single-determinant wave function. Incidentally, this wave function can also serve as a basis for reduced density matrix functional theory (RDMFT). This theory is an extension of DFT to density matrices formulated by Gilbert [3] . A particular feature of Gilbert's theory is that at convergence all orbitals with fractional occupation numbers are degenerate. In this work that requirement results in all correlated electrons being degenerate.
An interesting aspect of this wave function is that as it is a single-determinant wave function it is also possible to formulate one-electron properties. For instance it is possible to calculate single-electron energy levels akin to HartreeFock energies even if the wave function is a solution of RDMFT. Furthermore, it is trivial to apply annihilation and creation operators to a single-determinant wave function. Hence it is easy to generate excited determinants as well.
In the remainder of the paper Section II defines the generalized wave function. It is shown that the singledeterminant wave function is indeed capable of generating an arbitrary one-electron density matrix. Section III explains how the wave function may be optimized. It is shown that the equations are actually in part the same as the Kohn-Sham equations, only another set of very similar equations is needed to describe the correlated electrons. Section IV describes how the wave function can be canonicalized to yield a Hartree-Fock like one-electron picture. Finally, section V shows some simple applications to demonstrate the features of the approach proposed.
II. DEFINING THE WAVE FUNCTION
The approach outlined in this article addresses the fact that for an n b -dimensional density matrix there does not exist an n b -dimensional transformation that only changes the occupation numbers. Nevertheless, such a transformation can be effected by mapping the problem into an n 2 b -dimensional space, applying suitably chosen rotations, and projecting the result back into the original n b -dimensional space. In this section the definition of an orbital is generalized such that it maps the density matrix from an n b -dimensional to an n 2 b -dimensional space. In addition the probability density is choosen to generate the projection from the n 2 b -dimensional density matrix back to an n b -dimensional one. An illustrative example of these operations is provided in the Supplementary Material [4] . Also a dot-product for the generalized orbitals is chosen.
It is shown that the generalized orbitals form an orthonormal set of the same dimension as the conventional orbitals. It is also shown that the density matrix of a single generalized orbital matches the appropriate N-presentability conditions [5] whereas it may distribute the electron over any set of conventional orbitals. Finally it is shown that these generalized orbitals may be used to define a single Slater determinant wave function. Combining the orthonormality as well as the density matrix implied in the probability density it is shown that the resulting Slater determinant can generate any one-electron density matrix, even one of a correlated state, i.e. a non-idempotent one.
The arguments in this section are most easily formulated in the form of matrix-vector equations. Note that the arguments given here can be formulated for a single spin-channel (either the α-or β-electron channel) without loss of generality. First we recall that the one-electron density matrix D for a system represented in n b basis functions is a non-negative Hermitian matrix. Hence it may be diagonalized to produce an orthonormal set of eigenvectors, conventionally called natural orbitals, represented as matrix N , where each natural orbital is a column of N , and
These eigenvalues are referred to as occupation numbers. The natural orbitals may be expressed in an orthogonal basis such as plane waves or in a non-orthogonal basis such as Gaussian type orbitals. To accommodate all options an overlap matrix S is introduced, the elements of which are defined as
where a, b, and later c label basis functions, and χ a (r) represents the basis functions. In the case of an orthogonal basis the overlap matrix is simply the unit matrix. As the natural orbitals N are an orthonormal set the following condition holds
Note that a matrix with one index, such as N i , refers to a column. In this paper the indices i, j and later k label natural orbitals.
To represent the occupation numbers another set of n b orthonormal vectors is introduced that are referred to as correlation functions that are columns of matrix C. The name refers to the fact that fractional occupation numbers that may be generated by these functions are directly related to electron correlation as in post Hartree-Fock methods. The correlation functions being expressed in terms of the natural orbitals are always represented in a orthonormal basis. In a system with n e electrons of a given spin there are n e occupied correlation functions and all others are unoccupied. The contribution from the r-th correlation function to the i-th occupation number is simply C * ir C ir . For the correlation functions the condition
holds. Indices r, s and later t label correlation functions. With the definitions above a set of n b generalized orbitals G can be defined where every vector G r can be expanded as
I.e. formally every generalized orbital has n 2 b coefficients. As every correlation function has a one-to-one correspondence to a generalized orbital the indices r, s and t will be used to label the latter also. To define the dot-product between two vectors from G a metric S G is constructed as a matrix by replicating the overlap matrix S n b -times both horizontally and vertically as
or equivalently
In terms of this metric the dot-product for vectors from G can be written as
Hence it is clear that the vectors G form an orthonormal set. As the dimension of the basis set is n b it is also obvious that there can only be n b linearly independent vectors in this set. Note that if the only concern is to show that the generalized orbitals constructed from a given set of natural orbitals and correlation functions form an orthonormal set then the metric of Eq. 9 can equally well be replaced by a block diagonal one. The advantage of Eq. 9 is that it also allows calculating the overlap between generalized orbitals generated from different sets of natural orbitals and correlation functions. A block diagonal metric would cause ambiguities in the latter case. Turning to the probability density given a vector from G we have
where D is the density matrix. The elements of the density matrix generated by the single generalized orbital s are given by
It is clear from the definition that the matrix D is non-negative, and from the normalization of the vectors C that the trace is 1. This is exactly what is required for the one-electron density matrix of a single electron. Given the vectors G and assuming a system of n e electrons in a particular spin channel we can write a singledeterminant wave function in terms of these vectors as
From this wave function the one-electron density matrix can be obtained as
The occupation numbers d i are obviously non-negative as they are a sum of squares. In addition because the correlation functions are an orthonormal set expressed in an orthonormal basis the matrix C is unitary. This means that
from which it follows that if only a subset of all columns of C are included then the diagonal elements d i ≤ 1. In addition the trace of the density matrix term of a single vector of G is 1 so that if n e such vectors are included in the wave function the trace of the density matrix is n e . Hence we have shown that a single-determinant wave function of the form presented here can generate any one-electron density matrix even non-idempotent ones. Trivially, an idempotent density matrix can be obtained when the correlation functions are unit vectors. Thus the original KohnSham system is obtained as a special case of the wave function proposed.
III. OPTIMIZING THE WAVE FUNCTION
In the previous section a single-determinant wave function that can represent arbitrary one-electron density matrices was proposed. This wave function is expressed in terms of correlation functions and conventional natural orbitals. In order to deploy this wave function an approach to optimize it is required. Obviously this approach is based on an energy minimization. To keep the results as general as possible we consider energy expressions of the form
I.e. the energy is a functional of the one-electron density matrices of both spin channels. This type of expression encompasses a wide range of energy expressions including Hartree-Fock, DFT, and RDMFT. Furthermore, here only the optimization w.r.t. one of the spin channels is discussed as the results for the other spin-channel are the same. Thus we consider the problem
In the subsequent derivations only the α-electron spin channel is considered hence the α label is dropped. The resulting equations directly transfer to the β-electron spin channel as well. For the orthogonality of the correlation functions we obtain from ∂L/∂λ
For the natural orbitals ∂L/∂λ
which is also satisfied if the expression in brackets is zero leading to
Furthermore, from ∂L/∂N * ck = 0 we have for the natural orbitals 
where F is the Fock matrix. The Fock matrix is the matrix representation of an effective one-electron operator which is derived from the total energy expression by differentiating it with respect to the density matrix. More specifically the Fock matrix elements F ab are defined as
Eq. 28 is also satisfied if we solve
instead. For the correlation functions we find from ∂L/∂C *
where the second term in Eq. 31 is identical zero because of the orthogonality of the natural orbitals. Hence this equation simplifies to
Therefore the wave function optimization problem translates into two secular equations. The first one, Eq. 30, is a secular equation for the natural orbitals and is in fact the same as the Kohn-Sham or Hartree-Fock equation. The second one, Eq. 33, seems very similar to the first one except that it solves for the correlation functions. One relevant difference is that the structure of the Fock matrix F N ′ ki is special in that it is a diagonal matrix in the natural orbital basis. This may seem strange as it is counter intuitive that a non-trivial rotation can be obtained by diagonalizing a matrix based on a matrix that is diagonal already. To explain this situation consider the 2x2 problem
There are two possible scenarios for the eigenvectors (c 1 , c 2 ) T and (−c 2 , c 1 ) T . A trivial result is obtained by choosing the eigenvectors to be unit vectors, e.g. by choosing c 1 = 1 and c 2 = 0. In that case λ 1 = f 11 and λ 2 = f 22 . The other case, when the eigenvectors are not unit vectors, i.e. c 1 = 0 and c 2 = 0, requires
and therefore that λ 1 = f 11 = f 22 , and likewise for λ 2 . Therefore this scenario has a solution only when the diagonal elements are the same, and correspondingly, the eigenvalues are degenerate. As the diagonal elements are the expectation values of the natural orbitals this implies that the natural orbitals are degenerate as well. Such a solution clearly complies with the conditions set out in Gilbert's theorem for correlated orbitals. I.e. that at convergence the energies of all orbitals with fractional occupation numbers must be degenerate. Here this also translates into the corresponding generalized orbitals being degenerate. Because every generalized orbital represents a single electron in a single-determinant wave function this also implies that all correlated electrons are degenerate. Another corollary of these considerations is that starting a calculation choosing the correlation functions to be unit vectors is a particularly bad choice. Because these unit vectors are always a solution to Eq. 33 there is no way to find a correlated state even if the energy expression accounts for electron correlation. Instead calculations have to be started assuming that initially the electrons are distributed over all relevant natural orbitals. If the energy expression accounts for electron correlation the expressions will converge towards degenerate correlation functions that distribute the electrons over the natural orbitals. If the energy expression has no electron correlation that favors fractionally occupied natural orbitals the correlation functions will converge towards unit vectors.
Although it would seem that Eq. 30 and 33 can be solved straightforwardly in conventional matrix diagonalization based ways the degeneracies cause complications. As at convergence all correlated orbitals are degenerate we find that any arbitrary rotation among those orbitals is an equally valid solution of the matrix diagonalization. In practice only some of these solutions minimize the total energy but diagonalizing the Fock operator cannot identify those solutions. Hence attempts to solve these equations using a diagonalization based approach will very likely fail.
Instead we construct gradients as
and from these skew symmetric matrices are formed as
Rotation matrices for the natural orbitals and correlation functions may be written as
The values of σ N and σ C are established by a line search [6] for the minimum of the total energy. After updating the natural orbitals and correlation functions a new line search is started. The iterations over line searches continue until the optimal σ-s are zero. By explicitly choosing rotations that minimize the total energy the indeterminateness of the eigenvectors of a degenerate matrix is circumvented. At present the line searches are performed alternately between σ N and σ C .
A. Equations of motion
In order for the expression proposed in Eq. 17 to be a proper wave function it must satisfy certain equations of motion. Of course one can substitute this expression into the time dependent Schrödinger equation. As the expression is only a single-determinant wave function and one that only generates the exact one-electron density matrix (without any considerations to the accuracy of the corresponding two-electron density matrix) there seems to be little to be gained over Hartree-Fock by doing that. Instead it seems wise to focus on the one thing the wave function can represent exactly, the one-electron density matrix, and consider its equation of motion which is given by the von Neumann equation [7] 
In the case that the Hamiltonian is time independent the time dependent density matrix is given by
It would seem that the most straightforward way to evaluate the time dependent density matrix is to make use of Eq. 8 allowing the generalized orbital to be written as a vector. In addition the Hamiltonian can be generalized to
where F is the effective one-electron Hamiltonian, the Fock matrix, of Eq. 29 replicated along the diagonal so that
This approach is similar to the approach applied to the metric S G but here the block diagonal representation is favored over the form of Eq. 9. The reason is that the Fock matrix of Eq. 44 is to be used specfically with a orthonormal set of generalized orbitals associated with a particular single-determinantal wave function. The form of the metric in Eq. 9 on the contrary has been generalized to allow calculating the overlap between generalized orbitals of different single-determinant wave functions.
Subsequently evaluating
the generalized orbitals at time t are obtained from which D(t) can be constructed according to
This equation is essentially the same as Eq. 19 except that nor the natural orbitals nor the correlation functions are explicitly referenced. In order to return the generalized orbitals to the form of Eq. 8 the density matrix D(t) can be diagonalized to obtain the natural orbitals at time t. Furthermore time dependent correlation functions can be optimized that generate the occupation numbers at time t.
The approach to optimizing the correlation functions simply involves writing the correlation functions at time t in terms of the correlation functions at time 0 as
where U is a unitary matrix. Subsequently the error
as a function of U is minimized to obtain the eigenvalue equation
where d i (t) are the occupation numbers obtained from the diagonalization of D(t). This equation needs to be solved iteratively as d ′ i (t) depends on the solution. Supposedly this approach can also be extended to time dependent Hamiltonians by introducing sufficiently small time steps. Hence it would seem that the equations of motion as given by the von Neumann equation can be applied relatively straightforwardly in the present context. Admittedly to date we have not tested this approach as yet.
IV. WAVEFUNCTION ANALYSIS
Once the wave function has been converged we have a set of orbitals and the total energy of the system. Moreover, if there are degenerate energy levels with fractional occupation numbers in the natural orbitals the corresponding orbital energies equal the chemical potential. For the orbitals obtained we know that they generate the one-electron density matrix that minimizes the total energy. In practice the corresponding set of orbitals is not unique. Like in HartreeFock or Kohn-Sham theory the total energy is invariant under some rotations among the orbitals. Furthermore, in Hartree-Fock theory Koopmans theorem [8] can be used to estimate ionization potentials and electron affinities from the orbital energies. The chemical potential obtained at the end of the optimization does not afford the same rich set of information. In this section we will show that in our approach some of the information resulting from a Hartree-Fock calculation can be obtained from our wave function as well with modest extra effort.
The first important point to note is that as the energy is a functional of the one-electron density matrix any transformations of the wave function that leave this matrix unchanged do not affect the total energy either. In practice this means that rotations among natural orbitals with equal occupation numbers leave the total energy unchanged. Likewise rotations amongst the occupied correlation functions, or rotations amongst the unoccupied correlation functions do not affect the total energy. While the total energy for the ground state remains unchanged under these rotations processes that change the orbital occupations might be very sensitive to the particulars of the orbitals. An example of such a process is the excitation of an electron. Hence, specific orbital representations that support meaningful interpretations are highly desirable.
In practice the natural orbitals cannot be canonicalized. For the natural orbitals the ordering is critical to maintain the link with the correlation functions. This fact in combination with the degeneracies cause any approach to canonicalization to fail on these orbitals.
The correlation functions can be canonicalized in a more informative way. To this end the Fock matrix of the traditional Hartree-Fock energy is evaluated. The expectation values of the natural orbitals over this matrix feed into the Fock matrix for the correlation functions. This Fock matrix is transformed into the correlation function basis and the occupied-unoccupied block zeroed to suppress mixings that change the density matrix. The resulting matrix is diagonalized to obtain canonical correlation functions. Because the Fock matrix of the Hartree-Fock energy has few degenerate states the resulting orbitals and their energies are Hartree-Fock like. Nevertheless, these orbitals still generate the same correlated one-electron density matrix. This combination suggests that the orbitals can be interpreted similarly to the ones from Hartree-Fock theory. This option was obtained at the cost of a single Fock matrix construction which is modest compared to the few dozen Fock matrix constructions that are required in the self consistent field procedure. Obviously the correlation functions may be canonicalized over any operator. Which operator to choose depends on what the results are to be used for.
V. APPLICATION TO LIH AND BE
In order to demonstrate what the formalism introduced can provide it is applied to the systems LiH and Be. The reasons for this choice are that both systems are small so the results can be reported in detail. The Be atom is a system with well known near degenerate states whereas the LiH molecule is a weakly correlated system. The energy expression used is the power functional [9] with a power of 0.578 [10] . The formalism and the functional were implemented in a modified version of NWChem [11] . The electronic structure was described using the 6-31G basis set [12] [13] [14] . In LiH the bond length was 1.5957Å. The total energies for Be and LiH are reported in Tables I and II, Tables VII and VIII give the total energies obtained from excited Slater determinants of generalized orbitals. The full wave functions for Be and LiH are given in the Supplemental Material [4] .
The total energy obtained from the WFDMFT method as well as the fractional occupation numbers for the natural orbitals show that correlation is accounted for to some degree. Obviously this is only to be expected from a reduced density matrix functional theory. More interesting is that the orbital picture behind the WFDMFT method enables multiple perspectives on the results. The orbital energies from the power functional display the degeneracies that Gilbert's theorem calls for and reveal the chemical potential. Yet when the correlation functions are canonicalized over the regular Fock operator from Hartree-Fock energy levels similar to those of Hartree-Fock theory are recovered. Furthermore, moving one electron from one occupied correlation function to an unoccupied one a Slater determinant of an excited state is obtained. These latter features are trivial in this method but are cumbersome in other reduced density matrix functional approaches.
VI. CONCLUSIONS
This papers demonstrates that a fictitious one-electron system can be formulated that can represent any arbitrary one-electron density matrix with a single-determinant wave function. This includes even density matrices corresponding to a correlated state. The formulation of the wave function requires the conventional natural orbitals as well as a new set referred to as correlation functions. Optimizing such a wave function requires solving the traditional HartreeFock or Kohn-Sham equations, with a suitable reduced density matrix functional, as well as a new set of equations for the correlation functions. Both sets of equations are very similar in structure. The analysis of the wave function allows for representations that are very similar to the orbital energies of Hartree-Fock theory. In addition excited determinants can easily be generated by applying the usual excitation operators to the ground state determinant.
Generalization of the Kohn-Sham system that can represent arbitary one electron density matrices Supplemental material This document provides an illustrative example of the key aspects that enable the formulation of a single determinant wave functon that generate an arbitrary one-electron density matrix. It also provides the converged and canonicalized wave functions of Be and LiH. Readers are referred to the main article for details.
I. ILLUSTRATION OF THE KEY ASPECTS OF THE WAVE FUNCTION DEFINITION
In section II of the main article a wave function was defined to generate the exact one-electron density matrix. The approach involves mapping an n b dimensional problem into an n 2 b dimensional space and introducing a projection that takes an n 2 b dimensional problem back to an n b dimensional one. To clarify the key points we will briefly consider a 2-dimensional example.
When optimizing a one-electron density matrix transformations that change the natural orbitals as well as the occupation numbers have to be considered. Let us consider transforming a one-electron density D into a one-electron density matrix D ′ both represented in a 2-dimensional basis. The matrix D and D ′ are given by
Both density matrices clearly satisfy the N-representability conditions of the one-electron density matrices of a single spin channel containing one electron. The most general approach to transform D into D ′ involves different left and right transformations, i.e. a transformation of the form
From Eqs. 1 and 2 four equations that L and R need to satisfy are obtained to generate the elements of D
Clearly Eqs. 5 and 8 require that L 11 , R 11 , L 12 and R 12 all be non-zero, but Eqs. 6 and 7 require either L 12 or R 11 to be zero and either L 11 or R 12 to be zero. Obviously these equations represent a contradiction and in a 2-dimensional space there cannot exist a transformation that transforms D into D ′ . The approach taken in section II of the main article is to map this problem into a n 2 b dimensional space or in this example a 4-dimensional space. For this example the natural orbitals of both matrices D and D ′ are the same and are
For this simple example there is only one occupied orbital and the corresponding correlation function for D is
whereas the correlation function for D ′ is
Subsequently density matrices in n 2 b -dimensional space can be formulated by applying the routine definition of the density matrix of Eq. 20 of the main article to the generalized orbitals rather than the natural orbitals. If we denote 
The matrixD ′ can easily be obtained fromD using a rotationR through
Finally the projection p :D → D and p :D ′ → D ′ as given in Eq. 19 of the main article is effected by summing the n b × n b diagonal blocks ofD andD ′ respectively. I.e. 
Hence it has been demonstrated that density matrix transformations that cannot be represented in an n bdimensional space can be effected using traditional rotation operations by mapping the density matrix into an n 2 b -dimensional space, applying the transformation and projecting the result back to the original n b -dimensional space. This approach enables the calculation of a non-idem-potent one-electron density matrix from a single determinant wave function.
Formally, the decomposition of the generalized orbitals into natural orbitals and correlation functions is not required. This decomposition is preferred purely to keep the numerical complexity limited to O(n 
II. THE WFDMFT WAVE FUNCTION FOR BE IN THE 6-31G BASIS SET
The wave function reported here was obtained by minimizing the energy of the power functional [9] with a power of 0.578 [10] for Be. The wave function is expressed in the 6-31G basis set [12] [13] [14] . The calculations were performed with a modified version of NWChem [11] . As the ground state of Be is a singlet state the α-and β-electron wave functions are the same. Hence only the α-electron wave function is reported.
The basis is expressed in terms of linear combinations of Cartesian Gaussian basis functions centered at the position of the Be nucleus. The ordering of the basis functions is given in Table I and the exponents and contraction coefficients are given in Table II . The natural orbitals are given in Table III and the correlation functions are given in Table IV . 
III. THE WFDMFT WAVE FUNCTION FOR LIH IN THE 6-31G BASIS SET
The wave function reported here was obtained by minimizing the energy of the power functional [9] with a power of 0.578 [10] for LiH. The wave function is expressed in the 6-31G basis set [12] [13] [14] . The calculations were performed with a modified version of NWChem [11] . As the ground state of LiH is a singlet state the α-and β-electron wave functions are the same. Hence only the α-electron wave function is reported.
The basis is expressed in terms of linear combinations of Cartesian Gaussian basis functions centered at the position of the Li or H nucleus. The geometry of the LiH molecule is given in Table V . The ordering of the basis functions is given in Table VI and the exponents and contraction coefficients are given in Table VII given in Table VIII and the correlation functions are given in Table IX . 
